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The radially retractable plate structures (RPS) are a family of new retractable structures consisting of a set of cover
plates connected by revolute hinges. The concept evolves from the foldable bar structures (FBS) by replacing the beams
in an FBS with cover plates. With a single degree of freedom, the structures close to form a covered enclosure and expand
to reveal a large central opening space, which makes them ideal for use as retractable roofs. In designing the plates of an
RPS, two primary requirements have to be met. First, the boundary of these plates must be designed such that they form
an enclosure without any gaps or overlaps in both closed and open conﬁgurations, and the plates do not interfere with each
other during deployment. Second, all of the pivots of a beam must remain within the boundary of its corresponding RPS
plate. This paper tackles the second problem. To meet the requirement, an analytical method is proposed. A feasible design
area, deﬁned by closed and open angles of the corresponding FBS, can be identiﬁed under this approach. The designers are
no longer limited to use the empirical or numerical means to determine whether all of the pivots of a multi-angulated beam
are within its corresponding plate. The analytical approach can be used regardless of the boundary’s proﬁle. The approach
can be extended into both symmetrical and non-symmetrical structures. Physical models built to validate our approach
have shown that the analysis is correct.
 2006 Elsevier Ltd. All rights reserved.
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In the past two decades many concepts have been proposed for large-span retractable roof structures, some
of which have been applied in roof designs of tennis courts, swimming pools and sports stadiums. An extensive
review of existing structures was given by Ishii (2000) whereas a detailed review of the concepts was produced
by Jensen (2005). Among these concepts, there exists a type of planar structural assemblies which open and
close radially. A type of angulated scissor-like beam pairs are used as basic construction elements. Unlike
the conventional straight scissor-like beams, the pivots on each of the beams are no longer co-linear. The sin-
gle degree of freedom of each angulated pair is retained so that the assemblies have only an internal degree of0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.09.035
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Y. Luo et al. / International Journal of Solids and Structures 44 (2007) 3452–3467 3453mobility. The ﬁrst use of the angulated scissor-like elements was due to Hoberman. In early 1990s, he pro-
posed a one-mobility planar assembly of angulated scissor-like elements, each made from a pair of identical
beams (Hoberman, 1990, 1991). Later, it was found by Wohlhart (2000) that similar ideas were proposed
almost a century ago by Kemp though it was limited to a loop of four pairs of angulated beams. The concept
was extended by You and Pellegrino (1997) which gave birth to a more general family of such structures called
the foldable bar structures (FBS). The simple angulated beams were substituted by the multi-angulated ones,
each of which could contain more than three pivots. The result was that a family of generic frame designs were
found having any sizes and shapes. The schematic drawing of one of such structures consisting of eight pairs of
angulated elements is shown in Fig. 1(a).
To actually apply the structures for large stadium cover, it is important to incorporate covering elements to
the frame structures. Kassabian et al. (1999) ﬁrst proposed the use of a set of fan-shaped cover plates which
replaced half of the angulated or multi-angulated beams. The connections were located at exactly the same
position as the original beams. These plates formed a non-overlapping cover. Jensen and Pellegrino (Jensen,
2001; Jensen and Pellegrino, 2005) extended the approach further which led to the creation of a family of
structures called the radially retractable plate structures (RPS). They showed that for any given FBS there
exists a corresponding RPS. Fig. 1(b) and (c) show an eight-fold symmetrical RPS model in its open and
closed states. The corresponding FBS is that shown earlier in Fig. 1(a). In the open state, a perfect circular
opening is produced.
In designing the plates of an RPS, one has to make sure that these plates cover the area completely when the
structure is fully closed and there are no overlaps in any conﬁguration. By considering the relative motion
between two adjacent plates Jensen and Pellegrino discovered that the edges of the plates could be curved
as well as straight, provided that they were periodic so that the neighbouring plates matched perfectly withouta
b c
Fig. 1. (a) An FBS consisting of 16 beams; and an RBS based on it by Jensen and Pellegrino in (b) fully closed and (c) fully expanded
conﬁgurations (model courtesy of Professor S. Pellegrino).
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plates did not interfere with each other during deployment.
The other equally important design requirement of an RPS is that all of the pivots of a multi-angu-
lated beam have to remain well within the boundary of its corresponding RPS plate due to the physical
size of the joints. A number of methods were proposed to achieve this requirement. One involved repo-
sitioning of the RPS plates so that its fully closed conﬁguration actually coincided with a slightly opened
conﬁguration of the corresponding FBS (Kassabian et al., 1999; Jensen, 2001). Repositioning the plates
could however lead to a small central aperture when the structure was fully closed. To close this aper-
ture the periodic rule for the boundary of the plate has to be broken in the region close to the tip of
the plate. A further solution provided by Jensen (2001) indicated that without repositioning of the RPS
plates, it is possible to ﬁt all of the pivots of a multi-angulated beam within the edges of the corre-
sponding plate by altering the closed and open angles of the FBS provided that the sum of the two
angles remains the same. In a separate paper, Buhl et al. (2004) adopted a numerical optimisation to
deal with the problem.
In this paper, we propose an analytical method to address the second design requirement mentioned above.
A feasible design area, deﬁned by closed and open angles of the corresponding FBS, can be identiﬁed under
this approach and thus the designers are no longer limited to use the empirical or numerical means to deter-
mine whether all of the pivots of a multi-angulated beam are within the boundary of its corresponding plate.
The analytical approach can be used regardless of the shapes of the plate boundary. The approach can be
extended into both symmetrical and non-symmetrical structures.
The layout of the paper is as follows. Section 2 deﬁnes all the parameters and variables which are nec-
essary to describe the RPS and its predecessor, the FBS. Section 3 contains derivations for construction of
a fully closed RPS for cases where the number of bended segments of the multi-angulated beams is less
than or equal to three. For cases where that number is greater than three, Section 4 oﬀers some design
suggestions that could lead to fully closed RPS being built. Section 5 discusses the possibility of having
opening proﬁles other than circular ones and their associated design criteria. The conclusions are given
in Section 6 that ends the paper.
2. Deﬁnitions
The deﬁnitions of some key geometrical terms are kept as close to those used by Jensen (2001, 2005) as pos-
sible for easy comparison. The geometrical derivation summarised in this section are also taken from the same
references unless we state otherwise.
Because each RPS always has a corresponding FBS, and both have identical pivot locations, it will be more
convenient to deﬁne some geometrical parameters using the matching FBS. Additionally for simplicity, in the
subsequent analysis, we shall conﬁne our discussion to the FBS with n-fold symmetry, which is made from a
set of identical multi-angulated elements and its corresponding RPS has a circular opening. The non-circular
opening is discussed in Section 5.
Consider an FBS made from 2n identical multi-angulated beams, see Fig. 2(a). Each beam has k straight
sections, the length of the section (or the distance between two adjacent pivots) is l and the bend angle is
p  a wherea ¼ 2p=n; ð1Þ
Assume that we have found a corresponding RPS for the FBS, which is shown in Figs. 2(b) and (c), though we
shall explain how this is done in a moment. Denote by O the centre of the structure. When the RPS is fully
opened, the inner opening is circular with a radius of rcmax. Two angles, w1 and w2, are used to describe two
conﬁgurations of the FBS which match the fully closed and open conﬁgurations of the RPS, respectively.
Mathematically both angles can reach zero but this is impossible physically due to the size of the joints.
Now let us inspect the motion of a single element during deployment. Figs. 3(a) and (b) show a beam and its
corresponding plate element in the fully closed and fully open conﬁgurations, respectively. The distances
between O and the kinks of the multi-angulated angulated element in the fully closed conﬁguration are denot-
ed by r0, r1, . . ., rk. According to Kassabian et al. (1999) each of the beams eﬀectively rotates about a ﬁxed
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Fig. 2. (a) An FBS and (b) its corresponding RPS in the fully closed and (c) fully open conﬁgurations.
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Fig. 3. A single beam in an FBS deploys from (a) the fully closed conﬁguration to (b) the fully open conﬁguration. Angles w1 and w2 deﬁne
the two positions.
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r*. It can be found that w1 and w2 eﬀectively describe the positions of the ﬁrst and (k  1)th pivot of a beam,
respectively, see Figs. 3(a) and (b). There are
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2 sin a=2
; ð2Þandri ¼ 2r sin ia
2
þ w1
2
 
ði ¼ 0; 1; . . . ; kÞ: ð3ÞThe total angle that a particular element rotates from fully closed to fully open conﬁgurations is,U ¼ p ðk  1Þa ðw1 þ w2Þ: ð4Þ
To ensure that the element is actually capable of rotating, there must beU > 0: ð5Þ
Becausew1;w2 P 0;from (4) and (1),k < n=2þ 1: ð6Þ
Using the geometrical parameters introduced so far we can write the maximum opening radius of the RPS in
fully open conﬁguration asrcmax ¼ 2r cos ðk  1Þ a
2
þ w1 þ w2
2
 
: ð7ÞTo further deﬁne other geometrical parameters, it is necessary to recall how Kassabian et al. (1999) and Jensen
(2001) arrived at their plate designs. Take an FBS with n = 8 and k = 2 as an example and suppose that it is
bounded by a circle. The design involves, ﬁrst of all, drawing a set of symmetrical lines through the centre of
the assembly that divide the area into n identical sectors, see Fig. 4(a). These lines are then rotated anti-clock-
wise by aD, whose determination will be explained shortly, with expectation that each sector contains only one
angulated beam. This is just about possible as shown in Fig. 4(b). Now let us name the sector division lines the
inclination lines. For each of them, draw an arc with radius rcmax. The truncated length of the arc by the incli-
nation line must arcmax. Because of the periodic nature of the boundaries, repeat drawing arcs until the entire
boundary is formed, see Fig. 4(c). By now, the covering elements of the corresponding RPS have been found.
Thus we can have the plates in place of the beams that are enveloped by them. Denote by L the length of the
inclination line cut by the arc, see Fig. 4(c). It can be shown thatL ¼ 2rcmax  sin a
2
: ð8ÞThe reason why both the arcs and the central opening circle have the same radius, rcmax, is because the opening
circle is made up by portions of the edges of the plates, as shown in Fig. 2(c). To achieve a circular opening,
there must bercmax P l: ð9Þ
Substituting (2) into (7) and then (9) yieldsw1 þ w2 6 p ka: ð10Þ
(10), together with the arc radius being rcmax, give the circular opening condition.
Now let us enlarge one plate of the RPS and show it in Fig. 5(a), Denote the angle between OF and A0M as
the inclination angle, aA, which is also shown in Fig. 4(b). It can be shown thataA ¼ ðk  1Þ a
2
þ w1 þ w2
2
: ð11ÞAngle aD can be determined geometrically using Fig. 5(a)
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Fig. 4. (a)–(e) Design of the cover plates for an FBS with n = 8 and k = 2 In (c), three pairs of angulated beams are not drawn for clarity.
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2
 w2
2
: ð12ÞIt is obvious that there is no overlap when the structure closes if the plates are formed in such a way. More-
over, by doing so the plates will not collide with each other during deployment.
To actually replace the angulated beams with a set of matching plates a further check needs to be carried
out to ensure all of the pivots of the beam is inboard from the edges of its corresponding plate. In other words,
the plate must envelop the beam. It can be shown that in some cases, e.g., in Fig. 4(b), the sectors bounded by
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(2001) suggested that this could be dealt with by shifting or translating the inclination lines slightly to enable
the sectors to cover their corresponding angulated beams, see Fig. 4(d). The plates of the RPS are then
obtained by drawing periodical arcs as mentioned previously, see Fig. 4(e).
However shifting the inclination lines causes them to no longer meet at the centre of the structure. A polyg-
onal aperture appears. This explains why some of the previously reported structures had a hole at the centre
even when the structures were fully closed.
In the next section we shall show that shifting the inclination lines is unnecessary considering the curvy nat-
ure of the edges. It is more appropriate to prevent the corresponding angulated beams from being out of the
bounded area than to limit them within the sectors deﬁned by the inclination lines. We shall prove that this is
possible under certain geometrical conditions.
Because the analysis for k 6 3 and k > 3 are not exactly the same, the two cases are dealt with separately.
3. Circular opening structures with k < 3
3.1. k = 2
Consider a single cover plate and its corresponding angulated beam in the fully closed conﬁguration of an
RPS, see Fig. 5(b). Assume O is the centre of the structure. A0, A1 and A2 are three pivot positions, and OGa
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Fig. 5. A cover plate and its corresponding angulated beam A0 A1 A2. (a) Beam A0 A1 A2 and its neighbouring beams. (b) Geometrical
details at pivots A0 and A2. (c) Determination of the distance between pivot A0 and the edge of a plate using a Cartesian coordinate system
xoy.
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deﬁned by the two inclination lines. Our aim is to keep it within the area deﬁned by the arc edges of the plate.
The radius of the arcs is rcmax.
Let A0D ? OF A2H ? OQ, and the extension of the A0D and A2H meet the arcs OF and PQ at E and I,
respectively. To ensure that both A0 and A2 are within the boundary of the plate, the following conditions
must be metA0D 6 DE and A2HP IH ð13Þ
By inspection of Fig. 5(b) it is safe to say that the mid pivot at A1 and therefore the entire angulated beam, will
be within the plate should A0 and A2 remain in the plate.
Consider pivot A0 ﬁrst. In order to relate the lengths in the ﬁrst inequality in (13) to the geometrical param-
eters, a Cartesian coordinate system xoy is introduced, see Fig. 5(c), in which the x axis passes through centre
of the arc boundary OEF and is in parallel with OG and the y axis passes through the tip of the plate O. Thus,
the coordinates of E becomesOA0 cos\A0OG;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  OA0 cos\A0OG rcmax sin
a
2
 2r !From Fig. 3(a), OA0 ¼ r0. So the above coordinates can be rewritten asr0 cos\A0OG;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  r0 cos\A0OG rcmax sin
a
2
 2r !Hence,DE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  r0 cos\A0OG rcmax sin
a
2
 2r
 rcmax cos a
2
ð14ÞAlso geometrically we haveA0D ¼ OA0 sin\A0OG ¼ r0 sin\A0OG ð15Þ
Examining Fig. 5(a) reveals\A0OG ¼ \A0OA1  \GOA1 ¼ a
2
 aDSubstituting (12) and k = 2 into the equation above yields\A0OG ¼ w2
2
ð16ÞHence, using (14)–(16), the ﬁrst inequality of (13) can be written asr0 sin
w2
2
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  r0 cos
w2
2
 rcmax sin a
2
 2s
 rcmax cos a
2Taking (3), (2) and (7) into account, the above inequality can be simpliﬁed tosin
w1
2
6 2 cos a
2
þ w1 þ w2
2
 
 sin a
2
 w2
2
 
ð17ÞThis is the condition for pivot A0 to remain within the plate.
In the coordinate system w1Ow2 we can plot condition (17). If the circular opening condition, i.e., condition
(10), is also considered, solutions for w1 and w2 can be found that ensure pivot A0 to ﬁt within the plate while
the RPS opens to a circle. It has been found that, when k = 2, condition (10) is more critical than condition
(17) for n = 5, see Fig. 6(a). For n = 6, The boundaries of conditions (17) and (10) almost overlap, as shown in
Fig. 6(b). For nP 7, condition (17) becomes more critical than condition (10). The curve for n = 9 is shown in
Fig. 6(c).
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Fig. 6. Feasible designs when k = 2 for (a) n = 5; (b) n = 6 and (c) n = 9. The percentiles are the values of m. (10) and (17) represent
conditions (10) and (17), respectively.
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(13) becomesr2 sin
w2
2
P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  r2 cos
w2
2
 3rcmax sin a
2
 2s
 rcmax cos a
2Considering (3), (2) and (7), the above inequality can be simpliﬁed to2 cos
a
2
þ w1 þ w2
2
 
sin aþ w1
2
 
3 sin
a
2
cos
w2
2
 cos a
2
sin
w2
2
 
6 sin2 aþ w1
2
 
þ 8 cos2 a
2
þ w1 þ w2
2
 
sin2
a
2
: ð18ÞCondition (18) ensures that hinge A2 lies within the plate. Together with conditions (10) and (17), they ensure
that all of the pivots are bounded by the curved boundary of the plate and the structure has a circular opening.
Condition (18) can become as critical as the others. For example, take n = 8, k = 2, w1 = 10 and w2 = 2.
Substituting these values to (10), (17) and (18) reveals that the ﬁrst two conditions are satisﬁed but not (18). A
general rule is that, to ensure that all of three conditions are met, w1 and w2 should not be too small and the
diﬀerence between them should not be too large.
Note that so far the pivot size has not been considered in the derivation of both conditions (17) and (18).
For practicality it is important to leave suﬃcient margin between the centre of a pivot and the edge of the plate
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distance between two adjacent pivots. The modiﬁed ﬁrst inequality in (13) becomesFiA0Dþ ml 6 DE: ð19Þ
Replacing A0D and DE with the geometrical parameters as we did previously the following equation can be
obtained.sin
w1
2
6 2 cos aþ w1 þ w2
2
 sin a w2
2
 sin
2 a
2
sin w1
2
m2 þ 2 cos aþ w1
2
cos
aþ w2
2
sin a
2
sin w1
2
m
 !
: ð20ÞCondition (20) is also plotted in Figs. 6(a)–(c) when n = 5, 6, and 9 for given m. It is obvious that the area of
feasible designs reduces while m increases.
The second inequality in (13) should also be modiﬁed when we take the joint size into consideration. It
becomesA2HP IHþ ml; ð21Þ
orsin
2aþ w1
2
sin
w2
2
P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2
aþ w1 þ w2
2
 sin 2aþ w1
2
cos
w2
2
 3 cos aþ w1 þ w2
2
sin
a
2
 2s
 cos aþ w1 þ w2
2
cos
a
2
þ m sin a
2
; ð22Þonce we substitute all the geometrical parameters into (21).
Conditions (10), (20) and (22) ensure that for a circular opening RPS with k = 2, all of pivots lie within the
boundary of the plate by a margin of ml at least.
The above derivation is validated by a model shown in Fig. 7. The key parameters for the model are n = 9,
k = 2, m = 7.2%, w1 = 15 and w2 = 10. Conditions (10), (20) and (22) are all satisﬁed. The model consists of
two identical layers made of yellow and blue Perspex. When the yellow and blue plates overlap in the fully
closed conﬁguration, a green shade emerges. It expands to a circular opening. The model works perfectly well
as expected.
3.2. k = 3
Again consider a single element, see Fig. 8. The condition for hinge A0 to remain within the plate bound-
aries isA0E 6 HE: ð23Þ
Adopting the similar derivation as in 3.1 and noting that now \A0OG ¼ a2þ w22 , (23) becomesg. 7. Deployment sequence of an RPS with circular opening. The model has n = 9, k = 2, m = 7.2%, w1 = 15 and w2 = 10.
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Fig. 8. A cover plate and its corresponding angulated beam A0A1 A2A3.
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a
2
þ w2
2
 
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2cmax  rcmax sin
a
2
 r0 cos a
2
þ w2
2
  2s
 rcmax cos a
2
: ð24ÞSubstituting (3), (2), (7) and k = 3 into the above inequality givessin aþ w1
2
þ w2
 
6 2 sin a
2
cos
a
2
þ w1
2
 
: ð25ÞIt turns out that the only solution for w1 and w2 which satisfy both (25) and the circular opening condition (10)
isw1 ¼ w2 ¼ 0: ð26Þ
The proof is as follows.
Because2 sin
a
2
cos
a
2
þ w1
2
 
6 sin a;for w1P 0 the inequality (25) can be written assin aþ w1
2
þ w2
 
6 sin a: ð27ÞSo, the solution to (27) for both w1 and w2 0 is (26).
This solution implies that the inner most pivots in all plates must lie at the centre of the RPS because
w1 = 0. Physically it is impossible because of the pivot size. Hence, we are not able to build an RPS capable
of closing up completely if we intend to have circular opening. This problem can only be solved by removing
the condition of circular opening, which will be discussed in detail in Section 5.
4. Circular opening structures with k > 3
When k > 3 the angulated beams cannot ﬁt within the corresponding cover plates if we use the same num-
ber of the plates as that of the beams. Fig. 9(a) shows the case where k = 4 and n = 12. However, this problem
can be overcome by, for instance, halving the number of plates as proposed by Jensen (2001). In this case, each
plate still corresponds to a beam which is within the boundary deﬁned by the edges of the plate. Hence, for the
structure shown in Fig. 9(a), six larger cover plates are required. Fig. 9(b) shows that six of the beams, rep-
resented by black solid lines, can be completely encircled by the cover plates. In practice, the plates and beams
may need to be arranged on three layers connected by long hinges. The ﬁrst layer consists of angulated beams
a b
Fig. 9. (a) A usual plate element alone cannot encircle any of the angulated beam when k = 4, (b) but it can if the number of the plates is
halved and the area is doubled.
Fig. 10. Expansion sequence of a model with n = 12 and k = 4.
Y. Luo et al. / International Journal of Solids and Structures 44 (2007) 3452–3467 3463represented by dashed lines, the second layer is made of half of the angulated beams represented by solid grey
lines, and the remaining angulated beams in black solid lines are replaced by cover plates, which form the third
layer. The conditions for the pivots of the matching angulated beams to remain within the boundary of the
corresponding plates can be derived in exactly the same way as in the previous section. A model constructed
using this technique is shown in Fig. 10 where n = 12 and k = 4. In this model, only one layer of cover plates
was attached to the corresponding beams whereas the beams were kept on other layers.5. Lobe and polygonal openings
In early analysis, we conﬁne ourselves to structures which form a circular opening. We have also proved
that when k = 3, it is impossible to build an expandable RPS with a circular opening without a central aper-
ture unless the number of plates is halved as proposed in Section 4. However, this can be dealt with without
reducing the number of plates if other opening shapes are permitted.
RPS with non-circular openings has been proposed in the past (Kassabian et al., 1999; Jensen and Pelleg-
rino, 2002; Jensen, 2005). We have found that the circular opening requirement, though artistically appealing,
is very restrictive. It imposes not only condition (10), but also the edges of a plate have to adopt the circular
arc proﬁle with radius of rcmax given in (7). The removal of circular opening restriction enables the use of other
edge proﬁles which have proven to be possible (Jensen, 2001).
Consider one of the edges in Fig. 5(b), OEF, and redraw it in Fig. 11. The radius of the arc OEF is therefore
rcmax, the centre of the circle is O* and the sustained angle of the arc is a. Jensen (2001) has noted that there
exists a limit for the curved boundary. Let this limit be arc OSF whose centre is M, radius is l and the sustained
G Q
O
F
E
rcmax
O*
l
M
S rcmax
l
Fig. 11. Variation of edges of the plates.
3464 Y. Luo et al. / International Journal of Solids and Structures 44 (2007) 3452–3467angle is U, which is given in (4). So all the possible edges for the plate must be within arc OSF, otherwise the
rotation of the plates become impossible.
In Fig. 11, it can be noticed that there is an area left between arcs OEF and OSF. If we choose a boundary
which lies between OEF and OSF, inclusive, the consequence is that the opening may no longer be circular.
For example, if the boundary of plate is arc OSF, we can obtain the RPS with a lobe opening in the open
conﬁguration. It is even possible to adopt line segments to replace arc OEF, resulted in an RPS with a polyg-
onal opening. Of course when design such an RPS, conditions other than (10) have to be observed though they
have to be modiﬁed.
Take k = 3 as an example. If we adopt arc OSF, denoted by dash curves in Fig. 11, as the edge of a plate,
the condition for the inner most hinge to remain within the plate in the RPS can be written as follows.r0  sin a
2
þ w2
2
 
6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  l  sinU
2
 r0 cos a
2
þ w2
2
  2s
 l  cosU
2
: ð28ÞConsidering (3), (2) and (4), (28) becomessin
w1
2
 
6 2 sin a
2
cos
3a
2
þ w1
2
þ w2
 
: ð29Þ1 (deg)
2 (deg)
30
20
10
10 20 30
40
0
(29)
Fig. 12. Feasible designs when n = 12 and k = 3. The percentiles are the values of m. represents condition (29).
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sponding plates.
If the joint size is taken into account by the introduction of the margin width ml, (28) develops intoF
Table
Possibr0  sin a
2
þ w2
2
 
þ ml 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  l  sinU
2
 r0  cos a
2
þ w2
2
  2s
 l cosU
2
: ð30Þig. 13. Expansion sequence of an RPS with a lobe-shaped opening. The model has n = 12, k = 3, m = 9% and w1 = w2 = 9.
Fig. 14. Expansion sequence of an RPS with a polygonal opening. The model has n = 9, k = 2, w1 = 15 and w2 = 20.
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2
sin w1
2
m
 !
ð31ÞFig. 12 provides a chart for feasible designs when n = 12 and k = 3.
A model with a lobe-shaped opening was built. Its key parameters were n = 12, k = 3, m = 9% and
w1 = w2 = 9. The model closes completely, see Fig. 13.
For polygonal openings, a formula similar to (31) can be derived. We have built an RPS of this kind. It is
shown in Fig. 14 where n = 9, k = 2, w1 = 15 and w2 = 10.
Table 1 summarises all the possibilities for a given n and k (k 6 3).6. Conclusions
This paper deals with one of the design issues of the RPS. Using an analytical approach we have derived a
set of conditions that can be used to determine whether all of the pivot locations of a multi-angulated beam are
enveloped by the boundary of its corresponding plate. A feasible design area, deﬁned by closed and open
angles of the corresponding FBS, can be obtained and thus the designers are no longer limited to use the
empirical or numerical methods developed in the past.
It has been found that, for the n-fold symmetrical cases, when k = 2, it is possible to design an
RPS which provides complete cover when closed and has either circular or non-circular opening. For
k = 3, we have proven that a solution with circular opening does not exist. However, designs can be
obtained in which the structure expands to a non-circular opening. The same analytical approach can
be extended to cases where k > 3 though the number of the plates have to be reduced as proposed by
Jensen (2001).
To use our approach in practice, a designer needs ﬁrst to follow the steps described in Section 2 and shown
in Figs. 4(a)–(c). With a given margin size, it is then possible to check whether a design meets all of the ana-
lytical conditions derived. Based on the analytical conditions, we have coded a short piece of software enabling
rapid determination of suitability of a particular design. We would also encourage the use of opening proﬁles
other than the circular one, e.g., lobe-shaped and polygonal, which are geometrically less restrictive and pro-
vide greater ﬂexibility to designers. A summery of possible designs is provided in Table 1 for various number
of plates and pivot numbers (reﬂected in parameters n and k). Physical models built to demonstrate all of the
design concepts have shown that the analysis is correct and the new designs are valid. Designers can choose an
opening proﬁle which suits their needs and then apply appropriate geometrical formulae to determine the edg-
es of the cover plates.
Although the analysis presented in this paper is conﬁned to the n-fold symmetrical structures with a circular
proﬁle, the approach can be easily adopted for design of non-circular ones. Fig. 15 shows such a structure,
which is closer to the shape of most stadium roofs.Fig. 15. A conceptual model for stadium roofs.
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